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Abstract
The nuclear dissipation, i.e. the conversion of collective energy into intrinsic energy is investigated in the frame of
quantum mechanics. Using appropiate numerical procedures, we follow the motion of individual nucleons according
to the time-dependent Schro¨dinger equation with time-dependent potential. In particular we study the transition from
the saddle to the scission point during the low energy ﬁssion of 236U. Diﬀerent rates T of change of the nuclear
shape along this path were considered. The overlap integrals between the static solutions of the bi-dimensional
Schro¨dinger equation and the time-dependent wave packets yield the transition probabilities and hence the single-
particle excitations during the saddle-to-scission descent. Using the numerical solutions other relevant pre-scission
properties have been evaluated as well.
Keywords: nuclear ﬁssion, dissipation, saddle-to-scission transition, bi-dimensional time-dependent Schro¨dinger
equation, excitation energy, pre-scission neutron multiplicity
PACS: 02.60.Lj, 02.70.Bf, 25.85.Ec
2000 MSC: 65M06, 81Q05
1. Introduction
Due to the major role of the dissipation in nuclear dynamics, its study has received much attention, both theoret-
ically and experimentally. At low excitation energies of the nucleus, due to the Pauli exclusion principle, the mean
free path for a nucleon near the Fermi surface is large, possibly many times as large as the nuclear dimension. In this
long-mean-free-path regime, the dominant dissipative mechanism is the elastic collision of nucleons with the time-
dependent average nuclear potential, which is referred to as one-body dissipation. To explore the eﬀect of one-body
dissipation in nuclear ﬁssion, diﬀerent models have been developed. We cite that of Ref. [1], based on a simple macro-
scopic wall-and-window formula. Such an approach is expected to fail for small systems and low temperatures where
quantum eﬀects are dominant. In the present paper we transpose this dissipation mechanism into the frame of quan-
tum mechanics. By numerically solving the bi-dimensional Schro¨dinger equation, both static and time-dependent, we
have studied the transition from the saddle to the scission point during the low energy ﬁssion of 236U. The following
characteristics have been obtained: the excitation energy of the nascent ﬁssion fragments, the multiplicity of the pre-
scission neutrons, the partition of these quantities among the ﬁssion fragments and the distribution of the emission
points.
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2. Approach
Our procedure consists of three stages. In the ﬁrst stage, one solves the static bi-dimensional Schro¨dinger equation
for the saddle-point conﬁguration. In the second stage, these stationary solutions of the Schro¨dinger equation at the
saddle point serve as initial conditions for calculating the time-dependence of the single-particle wave functions dur-
ing the transition from the saddle point to the scission point. This is done by solving the time-dependent Schro¨dinger
equation (TDSE) with a variable potential that is a function of the nuclear shape. In the third stage the solutions of
the static Schro¨dinger equation for the scission point are calculated. The overlap integrals between these static solu-
tions and the time-dependent wave functions yield the transition probabilities during the saddle-to-scission descent.
Subsequently, the single-particle excitations and other characteristics of the process can be obtained.
3. The bi-dimensional Schro¨dinger equation
The stationary solutions are calculated as bound states of the following equation:
HΨ = EΨ. (1)
We consider axially symmetric deformed nuclear shapes and cylindrical coordinates are used. The total wavefunction
has two components, corresponding to spin-up and spin-down:
Ψ(ρ, z, φ) = f1(ρ, z)eiΛ1φ| ↑〉 + f2(ρ, z)eiΛ2φ| ↓〉, (2)
where Λ1 = Ω − 12 , Λ2 = Ω + 12 and Ω is the projection of the total angular momentum along the symmetry axis.
Due to the axial symmetry, φ is taken oﬀ. The Hamiltonian H contains the Laplacean, the nuclear potential and
the spin-orbit coupling (see [2]). The nuclear shape is described in terms of Cassini ovaloids ([3]). We considered
two parameters of this representation: α (elongation) and α1 (mass asymmetry). By applying the transformation
g1,2 = ρ1/2 f1,2 (Liouville), the ﬁrst derivative from the Laplacean is removed, resulting a simpliﬁed Hamiltonian Hˆ
with the wave-function Ψˆ having the components g1, g2 (see [4]).
For numerical solving, the inﬁnite physical domain should be limited to a ﬁnite one, [0,R] × [−Z, Z], which is
discretized by a grid with the mesh points: ρ j = jΔρ, 1 ≤ j ≤ J (ρJ = R), zk = kΔz, −K ≤ k ≤ K (zK = Z). At
each point the partial derivatives in Hˆ are approximated by ﬁnite diﬀerence formulas. For the derivatives with respect
to z we used the standard 3-point formula, while for the derivatives in ρ, we deduced a special formula, which takes
into account the accomplished function transformation. It has the form: h2g′′j ≈ a jg j+1 + b jg j + a jg j−1, where g is
any of the two functions. The coeﬃcients a j, b j are determined so that the formula is exact when g is replaced by
ρ1/2+Λ and ρ5/2+Λ, i.e. the leading terms of its series expansion (see [5]). The ﬁrst derivatives with respect to ρ in the
spin-orbit components of Hˆ are approximated as well by adapted diﬀerences formulas deduced in a similar way. By
the discretization of the Hamiltonian we arrive to an algebraic eigenvalue problem with (usually) large sparse matrix,
which is solved by the package ARPACK, based on the Implicitly Restarted Arnoldi Method ([6]).
4. The time-dependent Schro¨dinger equation
The time-dependent wave functions are solutions of the equation:
i
∂Ψ(ρ, z, t)
∂t
= H(ρ, z, t)Ψ(ρ, z, t). (3)
The same Liouville transformation mentioned before leads to the simpliﬁed Hamiltonian Hˆ . The corresponding
TDSE is solved by the following scheme (of Crank-Nicolson type), which includes the derivative Hˆ′ = ∂Hˆ
∂t (Δt is the
time step) : (
1 +
iΔt
2
Hˆ + iΔt
2
4
Hˆ′
)
Ψˆ(t + Δt) =
(
1 − iΔt
2
Hˆ − iΔt
2
4
Hˆ′
)
Ψˆ(t). (4)
This scheme has important properties of stability and norm conservation. Its error term is proportional to Δt3.
80   M. Rizea and N. Carjan /  Physics Procedia  31 ( 2012 )  78 – 83 
We use the same discretization as for the static equation. Let us denote by g(n)jk the approximation of g in the point
(ρ j, zk) and at the time tn = nΔt (g is any of g1 and g2). As initial solution (at t0 = 0) we take an eigenfunction
of the stationary Schro¨dinger equation whose potential corresponds to the starting deformation. The solution at tn+1,
represented by the values g(n+1)jk , is obtained in terms of the solution at time tn, on the basis of the above Crank-Nicolson
scheme, which turns into a linear system, after the discretization. It is solved by the conjugate gradient iterative
method ([7]). We advance the solution during a temporal interval [0, T ]. T corresponds to the ﬁnal conﬁguration. The
deformation parameters are changing on this interval. At each time step the potential V(t) and its derivative V ′(t) are
recalculated.
Special conditions on the boundaries of the computational domain should be imposed to avoid the reﬂexions
which alter the propagated wave function. We implemented a variant of transparent boundary conditions. The idea
is to assume near the boundary rB the following form of the solution: g = g0 exp(ikrr), g0, kr ∈ C (a 1-D notation
was used). Linear relations between gB+1 and gB then result (see [8]), which are used in the ﬁnite diﬀerence formulas
for the derivatives at rB, when the Crank-Nicolson scheme is applied. More general conditions can be deduced, by
assuming a decomposition of the wave function of the form: g(r, t) = R(r, t) exp[iφ(r, t)]. R and φ are least squares ﬁt
to polynomials of low degree, using a set of internal grid points located near the boundary. In two dimensions, the
algorithm should be used at each point of the grid belonging to boundaries.
5. The saddle to scission transition - Formalism
Let |Ψˆi〉, |Ψˆ f 〉 be the eigenfunctions corresponding to the saddle and to the just-before-scission shapes respectively.
We denote by |Ψˆi(t)〉 the functions which evolve in time from the functions |Ψˆi〉 and by T the transition time from
saddle to scission. Then
ai f = 〈Ψˆi(T )|Ψˆ f 〉 = 2π
∫ ∫
(gi1(T )g
f
1 + g
i
2(T )g
f
2)dρdz (5)
is the probability of transition of a single particle which was in the ith state for the initial saddle-point conﬁguration
to the f th state at the time of scission. The total occupation probability of a given ﬁnal eigenstate is:
V2f =
∑
i (bound states)
v2i |ai f |2
where v2i is the ground-state occupation probability of a given initial eigenstate. The corresponding excitation energy
just-before scission is:
E∗psc = 2
∑
f (bound states)
(V2f − v2f )e f , (6)
where v2f is the ground-state occupation probability of each ﬁnal eigenstate. The factor of 2 is due to the spin degener-
acy. We have considered the particles either independent or correlated. In the ﬁrst model, v2i, f are step functions: 1 for
the states below the Fermi level and 0 above. In the second case we have used the BCS occupation probabilities ([5]).
One can also calculate the pre-scission neutron multiplicity by their probability to be unbound at scission:
νpsc = 2
∑
i (bound)
v2i (
∑
f (unbound)
|ai f |2) = 2
∑
i (bound)
v2i (1 −
∑
f (bound)
|ai f |2). (7)
It is interesting to separate the contributions of the light-L and heavy-H fragments using the probability of each
emitted (or excited) neutron to be present in the L or H fragment:
E∗psc(L,H) = 2
∑
f
e f
(
V2f − v2f
)
NL,Hf , νpsc(L,H) = 2
∑
i
v2i (1 −
∑
f
|ai f |2)NL,Hi .
The partial norms NL,Hi, f are given by:
NLi, f = 2π
∫ R
0
∫ zmin
−Z
[(
gi, f1
)2
+
(
gi, f2
)2]
dρdz, NHi, f = 2π
∫ R
0
∫ Z
zmin
[(
gi, f1
)2
+
(
gi, f2
)2]
dρdz.
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zmin corresponds to the neck position, identiﬁed as the point between −Z and Z where an equipotential line has a
minimum. The separated contributions are important for the Monte-Carlo Hauser-Feschbach simulation of the neutron
evaporation from the accelerated fragments.
We can also obtain the spatial distribution of the pre-scission neutrons as a function of ρ and z by
S em(ρ, z) =
∑
i
v2i |Ψiem(ρ, z)|2, |Ψiem〉 = |Ψi(T )〉 −
∑
f
ai f |Ψ f 〉. (8)
|Ψiem〉 represents the part of the wave packet that is emitted. The function S em is related to the amount of neutrons
that are reabsorbed, scattered or left unaﬀected by the fragments and ﬁnally determines the angular distribution of the
scission neutrons with respect to the ﬁssion axis.
6. Numerical results
The described approach has been applied to the low energy ﬁssion of 236U. The numerical domain is: ρ ∈ [Δρ, 27],
z ∈ [−27, 27], while Δρ = Δz = 0.125. The time step Δt = 1/256 × 10−22 sec. The evaluation of the overlap integrals
is performed by the Simpson formula adapted to the speciﬁc form of the solutions g1, g2. The Tables 1, 2 contain
the excitation energies E∗psc (in MeV) and, respectively, the pre-scission neutron multiplicities (νpsc) obtained for
some mass splits and diﬀerent durations T (in 10−22 sec) of the saddle to scission descent. (The values at T = 100
are obtained by extrapolation). All initial states that are bound were taken into account at Ω = 1/2, 3/2, ..., 11/2.
Occupation probabilities for both independent (IP) and correlated (CP) particles have been used.

AL 74 96 118
T E∗psc/ E∗psc/ E∗psc/ E∗psc/ E∗psc/ E∗psc/
IP CP IP CP IP CP
10 83.78 76.11 88.54 74.59 86.13 86.60
20 45.31 37.25 40.94 28.44 40.53 43.11
30 35.33 27.66 30.22 18.49 30.40 33.12
50 27.27 20.23 21.96 10.43 23.21 25.22
100 22.84 15.88 17.24 4.875 19.63 21.01
Table 1: Excitation energy just before scission

AL 74 96 118
T νpsc/ νpsc/ νpsc/ νpsc/ νpsc/ νpsc/
IP CP IP CP IP CP
10 3.238 3.403 3.466 4.321 3.825 4.265
20 0.765 0.956 0.476 0.760 0.763 1.212
30 0.313 0.481 0.265 0.438 0.264 0.672
50 0.082 0.228 0.078 0.179 0.085 0.414
100 0.004 0.073 0.006 0.039 0.009 0.263
Table 2: Pre-scission neutron multiplicity
In the Tables 3,4 the contributions of the light and of the heavy fragments to the excitation energies and to the
neutron multiplicities are shown for two mass asymmetries: AL = 74 (AL/AH = 0.457) and AL = 96 (AL/AH = 0.686).
Although it has less neutrons, the light fragment is more excited than the heavy one. The ratio E∗L/E
∗
H is generally
increasing with the transition time T. Concerning the partition of νpsc among the ﬁssion fragments, one can see that
νL/νH depends strongly on the asymmetry and is more or less independent of T.
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74 IP CP
T E∗psc E∗L E
∗
H E
∗
L/E
∗
H E
∗
psc E
∗
L E
∗
H E
∗
L/E
∗
H
10 83.8 64.1 19.7 3.26 76.1 55.3 20.8 2.65
20 45.3 38.7 6.6 5.91 37.2 29.6 7.6 3.88
30 35.3 31.3 4.0 7.88 27.7 22.9 4.8 4.77
50 27.3 27.5 -0.2 20.2 19.1 1.1 16.4
96 IP CP
T E∗psc E∗L E
∗
H E
∗
L/E
∗
H E
∗
psc E
∗
L E
∗
H E
∗
L/E
∗
H
10 88.5 50.1 38.4 1.31 74.6 39.4 35.2 1.12
20 40.9 25.5 15.4 1.65 28.4 16.8 11.6 1.45
30 30.2 20.7 9.5 2.19 18.5 12.2 6.3 1.92
50 21.9 14.0 7.9 1.76 10.4 6.3 4.1 1.51
Table 3: Partition of E∗psc, AL = 74, 96
74 IP CP
T νpsc νL νH νL/νH νpsc νL νH νL/νH
10 3.24 1.99 1.25 1.59 3.40 2.09 1.31 1.59
20 0.76 0.49 0.27 1.82 0.95 0.58 0.37 1.57
30 0.31 0.19 0.12 1.55 0.48 0.27 0.21 1.33
50 0.08 0.06 0.02 2.70 0.22 0.14 0.08 1.77
96 IP CP
T νpsc νL νH νL/νH νpsc νL νH νL/νH
10 3.46 1.49 1.97 0.76 4.32 1.84 2.48 0.74
20 0.47 0.19 0.28 0.69 0.76 0.31 0.45 0.68
30 0.26 0.11 0.15 0.74 0.44 0.18 0.26 0.69
50 0.08 0.05 0.03 1.63 0.17 0.08 0.09 0.98
Table 4: Partition of νpsc, AL = 74, 96
In the Figure 1 we present the spatial distribution of emission points at diﬀerent durations T of the transition from
saddle to scission for AL = 118 and AL = 74. For symmetric ﬁssion, there is a clear variation of this distribution with
increasing T: from inter-fragment emission to inside-fragment emission. For asymmetric ﬁssion, there is also a strong
variation with T, but the emission points are unequally spread, more concentrated in the light fragment.
7. Conclusions
Calculations concerning the transition of the ﬁssioning nucleus from the saddle to the scission point are presented
for 236U. A quantum mechanical version of the one-body dissipation is used. This implies the solution of the TDSE
in two spatial coordinates. Applying adequate procedures, which include Liouville transformation and special ﬁnite
diﬀerences adapted to the solution behavior, we were able to determine relevant physical quantities like fragments’
excitation energy and neutron multiplicity. Several transition times T ∈ [10, 50] (in units of 10−22 sec) are studied.
The results are used to extrapolate at T = 10−20 sec. It is concluded that the adiabatic limit is already reached at this
time scale: the pre-scission excitation energy is relatively low and no pre-scission neutrons are emitted.
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Figure 1: Emission points, AL = 118, 74
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